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Dynamical transitions in a modulated Landau-Zener model with finite driving fields
Wei Li and Li-Xiang Cen∗
Center of Theoretical Physics, College of Physical Science and Technology, Sichuan University, Chengdu 610065, China
We investigate a special time-dependent quantum model which assumes the Landau-Zener driving
form but with an overall modulation of the intensity of the pulsing field. We demonstrate that the
dynamics of the system, including the two-level case as well as its multi-level extension, is exactly
solvable analytically. Differing from the original Landau-Zener model, the nonadiabatic effect of
the evolution in the present driving process does not destroy the desired population transfer. As
the sweep protocol employs only the finite driving fields which tend to zero asymptotically, the
cutoff error due to the truncation of the driving pulse to the finite time interval turns out to be
negligibly small. Furthermore, we investigate the noise effect on the driving protocol due to the
dissipation of the surrounding environment. The losses of the fidelity in the protocol caused by both
the phase damping process and the random spin flip noise are estimated by solving numerically the
corresponding master equations within the Markovian regime.
I. INTRODUCTION
Exactly solvable time-dependent quantum system at-
tracts increasing interest owing to its role in the design
for quantum control. In particular, to model dynamical
processes or target quantum states for atomic and molec-
ular systems [1, 2], nonadiabatic transitions induced by
time-varying external fields are often involved and the
theoretical proposal of the driving protocol with desired
dynamics is generally a prerequisite to accomplish the
corresponding quantum tasks [3–14].
Landau-Zener (LZ) model [3, 4] and its analogs, repre-
sented by the Hamiltonian below, are the most frequently
exploited proposals in the driving protocol
H(t) = Ωx(t)Jx +Ωz(t)Jz. (1)
Here Jx,z denote the angular-momentum operators and
Ωx,z(t) account for two components of the driving field
along the x and z axes, respectively. Owing to the ex-
plicit time dependency of H(t), the general solution to
this kind of systems is highly nontrivial even for the sim-
plest two-level case, i.e., with the azimuthal quantum
number j = 12 . For the standard LZ sweep with Ωx
being constant and Ωz(t) varying linearly with time, the
very two-level model is exactly solvable and the transition
probability induced by the evolution over t ∈ (−∞,∞)
is known well as the LZ formula [3, 4]. Notably, the
LZ model has a wide range of applications in physics
as well as in chemistry, including the LZ interferometry
[15–18], the transfer of charge [19], chemical reactions
[20, 21], controllable manipulation of qubit and qutrit
systems [22–25], and so on.
The so-called counter-diabatic protocol [5, 6] (also
named as the transitionless protocol [7] or shortcuts to
adiabaticity [8]) has been proposed to generate exact
dynamical evolution which aims at the adiabatic eigen-
states, e.g., of a given Hamiltonian of form (1). Typically,
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this kind of protocols exploit a reverse-engineering strat-
egy through introducing an auxiliary counter-diabatic
driving term [e.g., an extra time-varying field along the y-
axis which cancels out the nonadiabatic effect of H(t)] to
ensure the desired evolution. We would also like to men-
tion another reverse-engineering algorithm proposed in
Ref. [9], where a parametric connection is established be-
tween the the evolution operator and the control field of
the Hamiltonian. In comparison, while the latter method
is able to generate the LZ-type protocol with two driv-
ing components formed of Eq. (1), its applications were
restricted to the two-level systems [9–11].
Except for the models constructed through the men-
tioned reverse-engineering methods, analytically exactly
solvable time-dependent quantum systems are relatively
rare and known examples are mostly concentrated on
the two-level system, for example, the Rosen-Zener [26],
Allen-Eberly [27], Demkov-Kunike [28], and Bambini-
Berman [29] models. In a recent work, a tangent-pulse
driven model has been proposed [30] which is shown to
be analytically solvable not only for the two-level case
but also for the multi-level extension. The nonadiabatic
dynamics generated by the model itself can serve as a de-
sirable protocol for the population transfer without the
need of any auxiliary fields. While the ideal design as-
sumes an infinite chirping field, it is demonstrated that
for an imperfect scanning process with truncation, the
cutoff error caused to the population transfer could be
suppressed to the infinity through enhancing the scan-
ning rate of the protocol.
In this paper we propose a modulated LZ model and
explore the generated dynamics for quantum control. In
particular, we demonstrate that the model offers an al-
ternative protocol for the nonadiabatic population trans-
fer which retains the advantages previously displayed in
the tangent-pulse driven model: the nonadiabatic evo-
lution can realize complete population transfer and no
auxiliary field is required; the model is genuinely solv-
able which can be extended to the multi-level system.
Furthermore, since the present protocol employs only the
fields of finite intensity, it avoids the nonrealistic design
of infinite driving assumed in the original LZ model and
2other analogous schemes. Meanwhile, the cutoff error in
the protocol due to the truncation of the scanning pulse
to the finite time interval is shown to be negligibly small.
To evaluate further the feasibility of the scheme in the
real systems, we investigate the noise effect of the proto-
col under dissipation. We solve numerically the master
equations associated with the dephasing process and the
random spin flip process within the Markovian regime.
The loss of the fidelity caused by the detrimental influ-
ence of the noise is estimated.
The rest of the paper is organized as follows. In Sec. II
we will introduce the modulated LZ model and demon-
strate that the dynamics of model governed by the time-
dependent Schro¨dinger equation is exactly solvable. We
will employ the method proposed by Lewis and Riesen-
feld (LR) [31, 32] and manifest explicitly the dynamical
invariant of the model. In Sec. III we shall focus on the
dynamical transition in the model and describe the corre-
sponding process of nonadiabatic population transfer for
the two-level case as well as for its multi-level extension.
Especially, we show that the intermediate transitions in-
duced by the nonadiabatic effect will not destroy the de-
sired state transfer. The noise effect on the fidelity of
the protocol due to the dissipation of the environment is
investigated in Sec. IV. Finally, a summary of the paper
is presented in Sec. V.
II. DESCRIPTION OF THE MODEL AND ITS
EXACT SOLUTION
The driven model considered here is described explic-
itly by the Hamiltonian
H(t) =
η
1 + ν2t2
(Jx + κνtJz), (2)
where the amplitude η and the sweep frequency ν are
fixed constants and the coefficient κ relates to them via
κ =
√
1− (ν/η)2. (3)
Here we have set ~ = 1 such that η ≡ η/~ possesses
the same dimension with ν. As the model keeps the
property of the original LZ model that the ratio between
the field components along the z and x axes Ωz(t)/Ωx(t)
increases linearly with time, an overall modulation on
the field amplitude is exploited in the present sweep pro-
cess. The schematic of the scanning pulses Ωx,z(t) over
t ∈ (−∞,∞) is depicted in Fig. 1. Note that the mod-
ulation here enables the model to avoid the nonrealistic
ingredient of assuming an infinite driving field in the orig-
inal model.
We now show that the dynamics of the system gov-
erned by the Schro¨dinger equation i∂t|ψ(t)〉 = H(t)|ψ(t)〉
is exactly solvable. To this goal, we recall the dynamical
invariant introduced by the LR method [31, 32]. That is,
a time-dependent quantum system could be solved ex-
actly if the system possesses a dynamical invariant, i.e.,
an observable I(t) that satisfies
i
∂I(t)
∂t
− [H(t), I(t)] = 0. (4)
The peculiar property of such an invariant is that its in-
stantaneous eigenvector, denoted by |φm(t)〉, differs from
the basic solution to the Schro¨dinger equation only by a
phase factor: |ψm(t)〉 = eiΦm(t)|φm(t)〉, in which Φm(t)
is expressed as
Φm(t, t0) =
∫ t
t0
〈φm(t′)|i ∂
∂t′
−H(t′)|φm(t′)〉dt′. (5)
Exact analytical expression of the LR invariant has ever
been found for the time-dependent quantum system of
particular classes [33–35]. Intriguingly, the above system
is shown to possess the following invariant
I(t) = ~α(t) · ~J
=
1√
1 + ν2t2
(κJx +
ν
η
Jy + νtJz). (6)
It is direct to verify that the specified αi(t) satisfy
α˙x(t) = −Ωz(t)αy(t),
α˙y(t) = Ωz(t)αx(t)− Ωx(t)αz(t),
α˙z(t) = Ωx(t)αy(t), (7)
thus the relation of Eq. (4) is fulfilled.
To calculate the LR phase presented in Eq. (5),
one is led to notice that |~α(t)| = 1 and I(t) of Eq.
(6) can be written as I(t) = −G(t)JzG†(t), in which
G(t) = eiϕJzeiθ(t)Jy accounts for a canonical transforma-
tion with θ(t) = arccos −νt√
1+ν2t2
and ϕ = − arcsin ν
η
. The
eigenvector of I(t) is then obtained as |φm(t)〉 = G(t)|m〉,
6 0 60.5
0
0.5
1
Νt

x
,z
Η
6 0 6
0.5
0
0.5
Νt
E
Η
a b
FIG. 1: The scanning process of the modulated Landau-Zener
model specified by Eq. (1): (a) Time dependence of the two
field components Ωx(t)/η (solid line) and Ωz(t)/η (dashed
line) with κ = 0.6 (i.e., ν/η = 0.8). (b) The corresponding
adiabatic (solid line) and diabatic (dashed line) energy levels,
Ead± (t) and E±(t) over η of the two-level system with κ → 1
and κ = 0.6, respectively. The levels exhibit maximal splits
at t = 0 with Ead± (0)/η = ∓0.5 and E±(0)/η = ∓0.3.
3in which |m〉 (m = −j,−j+1, · · · j) represents the eigen-
state of Jz. With these notations, the two terms con-
tained in the kernel of the integral of Eq. (5) can be
worked out straightforwardly. It happens that the first
term 〈φm(t)|i∂t|φm(t)〉, which denotes a nonadiabatic
counterpart of the geometric connection of the adiabatic
evolution, always vanishes in the present system. The
second term 〈φm(t)|H(t)|φm(t)〉 identifies the diabatic
energy levels [36] of the system and is shown to be
Em(t) ≡ 〈φm(t)|H(t)|φm(t)〉 = −mηκ√
1 + ν2t2
. (8)
As κ → 1, they recover the adiabatic levels Eadm (t) =
−mη/√1 + ν2t2. We illustrate both Eadm (t) and Em(t)
for the j = 12 case in Fig. 1(b).
The rigorous dynamical solution achieved above is ap-
plicable to the general angular-momentum system with
an arbitrary azimuthal quantum number j. It indicates a
significant difference from that of the original LZ model
since the exact LZ formula of the latter model, which has
been achieved as an asymptotical result of the Weber’s
parabolic cylinder functions [4], applies only to the two-
level system. Moreover, it is worthy to stress that the
demonstration of the overall dynamical invariant for the
above model is highly nontrivial as the original model
does not possess such an invariant [37]. As will be shown
in the below, it implies that the survival probability of
the adiabatic state in this model, albeit the existence
of intermediate transitions associated with nonadiabatic
effects, tends asymptotically to the unit for the overall
evolution. It suggests that the nonadiabatic evolution of
the model can serve as a protocol for complete population
transfer.
III. DYNAMICAL TRANSITIONS IN THE
TWO-LEVEL AND MULTI-LEVEL SYSTEMS
A. Protocols for nonadiabatic population transfer
Following the expression of Eq. (6), I(t) will evolve
from −Jz to Jz along a geodesic curve in the Bloch space
during the overall evolution t ∈ (−∞,∞). Since the
eigenstates of I(t) are transported parallel without tran-
sitions, an initial eigenstate |m〉 then will evolve to the
ending state | −m〉 at t → ∞. Therefore, up to a phase
term, the generated dynamics yields complete population
transfer |m〉 ↔ |−m〉 for the system whatever the sweep
process is adiabatic or nonadiabatic.
For an irreducible space spanned by the angular mo-
mentum operator with a specific quantum number j, an
explicit expression of the basis state |φm(t)〉 could be ob-
tained via
|φm(t)〉 = eiϕJzeiθJy |m〉
=
∑
m′
Djm′m(θ)eim
′ϕ|m′〉, (9)
in which Djm′m(θ) ≡ 〈m′|eiθJy |m〉 has explicit expression
for the specified j [38] and the indexm′ of the summation
is taken over −j,−j + 1, · · · , j. Specifically, for the two-
level system with j = 12 , one has
|φ±(t)〉 = e±i
ϕ
2 cos
θ(t)
2
|±〉 ± e∓iϕ2 sin θ(t)
2
|∓〉, (10)
where we have used the notation “|±〉” for | ± 12 〉. Ac-
cordingly, the phase-equipped dynamical basis |ψ±(t)〉 is
obtained straightforwardly and the process of the popu-
lation transfer is then characterized as
|ψ+(−∞)〉 = |+〉 → |ψ+(∞)〉 = eiβ+ |−〉,
|ψ−(−∞)〉 = |−〉 → |ψ−(∞)〉 = −eiβ− |+〉, (11)
in which β± = Φ±(∞)∓ ϕ with
Φ±(∞) = ±1
2
ηκ
∫ ∞
−∞
(1 + ν2t2)−
1
2 dt. (12)
The driving field in the present scheme has finite in-
tensity and tends to zero asymptotically as t→ ±∞. In
the practical scanning process the driving field should be
pulsed in a finite time duration with truncation, that
is, t ∈ [−τc, τc]. It turns out that the cutoff of the
pulse results in very limited influence on the transi-
tion probability. For simplicity, let us take the above
two-level case as an example. The transition probabil-
ity induced by the sweep over the period t ∈ [−τc, τc]
is defined by P ≡ |〈−|U(τc,−τc)|+〉|2 (or equally by
|〈+|U(τc,−τc)|−〉|2) in which U(τc,−τc) accounts for the
generated evolution operator
U(τc,−τc) =
∑
±
eiΦ±(τc,−τc)|φ±(τc)〉〈φ±(−τc)|. (13)
A straightforward calculation yields that
P = 1− (1 + ν2τ2c )−1 cos2
Φ+(τc,−τc)
2
. (14)
Loss of the fidelity of the population transfer, defined by
Pδ ≡ 1 − P here, is limited by the factor (1 + ν2τ2c )−1.
It is seen that as ντc ≥ 10π, the population transfer is
realized with a high fidelity: Pδ . 10
−3.
B. Nonadiabaticity-induced transitions and
survival probabilities of the adiabatic states in the
multi-level systems
Dynamic control of the multi-channel nonadiabatic
process is usually a more challenging task and there have
been extensive studies [39–41] on that of the multi-state
version of the Landau-Zener model. Intriguingly, the
model we proposed above applies directly to the multi-
level system and the multi-channel dynamical transitions
can be manifested by exploring the model with high
quantum number j. For the cases of j = 1 and j = 32 ,
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FIG. 2: Nonadiabatic population transfer along the time evo-
lution in the multi-level systems in which the parameters are
set as ν/η = 0.8 and κ = 0.6. (a) The three-level system with
j = 1 and the initial state is in |1〉. The maximal population
in the intermediate state |0〉 is obtained as p = 1
2
at t = 0 .
(b) The four-level system with j = 3
2
and the initial state is
in | 3
2
〉. The maximal populations on the states | 1
2
〉 and | − 1
2
〉
are obtained as p = 4
9
at νt = − 1
2
√
2
and 1
2
√
2
, respectively.
the corresponding representative matrices Dj(θ) are ex-
pressed explicitly as
D1(θ) =


cos2 θ2
sin θ√
2
sin2 θ2
− sin θ√
2
cos θ sin θ√
2
sin2 θ2 − sin θ√2 cos2
θ
2

 (15)
and
D 32 (θ) =


cos3 θ2 d12 d13 sin
3 θ
2−d12 d22 d23 d13
d13 −d23 d22 d12
− sin3 θ2 d13 −d12 cos3 θ2

 , (16)
where d12 =
√
3
2 cos
θ
2 sin θ, d13 =
√
3
2 sin
θ
2 sin θ, d22 =
3 cos3 θ2 − 2 cos θ2 and d23 = 2 sin θ2 − 3 sin3 θ2 . The pro-
cesses of the population transfer in these two cases are
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FIG. 3: Survival probability of the adiabatic states (the diago-
nal elements Tnn) and the nonadiabaticity-induced transition
(the off-diagonal elements Tmn with m 6= n) in the dynamical
evolution. The parameters are set as ν/η = 0.8 and κ = 0.6.
(a) The j = 1 model with an initial state |1〉 (n = 1). (b)
The j = 1 model with an initial state |0〉 in which the inter-
mediate transitions to |ψad1 (t)〉 and to |ψ
ad
−1(t)〉 have an equal
probability. (c) The j = 3
2
model in which the initial state is
in | 3
2
〉 (n = 3
2
) and all the elements Tmn (m = ±
3
2
,± 1
2
) are
characterized. (d) The j = 3
2
model in which the initial is in
| 1
2
〉 (n = 1
2
).
depicted in Fig. 2, in which the initial states are taken
to be |1〉 and | 32 〉, respectively.
To characterize further the nonadiabatic effects in the
dynamical evolution, we evaluate the matrix of the tran-
sition probability: Tmn = |〈ψadm (t)|ψn(t)〉|2, in which
|ψadm (t)〉 stands for the instantaneous adiabatic eigenvec-
tor of the Hamiltonian (2). The diagonal elements of the
matrix T represent the survival probabilities of the adia-
batic basis states and the off-diagonal ones describe un-
ambiguously the nonadiabaticity-induced transitions be-
tween these adiabatic states along the evolution. It is
recognized that the basis set |ψm(t)〉, that are identical
to |ψadm (t)〉 at the initial time t → −∞, will exhibit in-
termediate transitions during the evolution. However, as
|ψm(t)〉 will recover |ψadm (t)〉 (up to a phase factor) even-
tually at t → ∞, the desired population transfer is not
destroyed by these nonadiabaticity-induced transitions.
In Fig. 3 we illustrate in detail these phenomena for the
model with j = 1 and j = 32 .
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FIG. 4: Time evolving of the fidelity F (t) of the driving pro-
tocol (κ = 0.6 and ν/η = 0.8) in the presence of noise ef-
fects. (a) Pure phase damping process in which γx,y = 0
and γz/ν = 0.01, 0.005 and 0.001, respectively. The dura-
tion of the pulse is chosen to be ντc = 10pi and the final
fidelity is achieved as F (τc) ≈ 0.992, 0.996 and 0.999, respec-
tively. (b) The random spin flip process with γx,y,z = γ.
The duration of the pulse is chosen to be ντc = 8 and the
fidelities F (τc) ≈ 0.923, 0.958 and 0.988 are obtained for
γ/ν = 0.01, 0.005 and 0.001, respectively.
IV. NOISE EFFECTS IN THE PRESENCE OF
DISSIPATION
In realistic systems the noise due to the surrounding
environment is inevitable. The influence of the system-
bath coupling to the transition probability for the orig-
inal LZ model has ever been studied in various back-
ground [42–45]. In the following we shall investigate the
noise effect on the dynamics for the present modulated
LZ model. Typically, we focus on the two-level system
and estimate the population transfer in the presence of
the spin flip noise which can arise as the interaction of
the spin system with its fermionic reservoir is involved
[46, 47]. Within the Markovian regime, the evolution of
the system is described by the master equation
∂ρ(t)
∂t
= −i[H(t), ρ(t)]−
∑
i
γi
2
[Ji, [Ji, ρ(t)]], (17)
where γi (i = x, y, z) accounts for the damping rate of the
corresponding spin flip process. Since we only consider
the j = 12 case, it is convenient to introduce the Bloch
vector (ρx, ρy, ρz) to describe the elements of the density
operator, that is, ρx = ρ+− + ρ−+, ρy = −i(ρ+− − ρ−+)
and ρz = ρ++−ρ−−. According to Eq. (17), one obtains
that these components satisfy
∂
∂t

 ρxρy
ρz

 = −


γy+γz
2 Ωz 0
−Ωz γx+γz2 Ωx
0 −Ωx γx+γy2



 ρxρy
ρz

 .
(18)
For the situation γx = γy = 0, the above loss mecha-
nism accounts for the pure phase damping process which
does not lead to direct transitions between the two levels
|±〉. Nevertheless, as the dephasing process will alter the
trajectory of the dynamical evolution generated by H(t),
it will result in imperfect effect on the desired population
transfer. To characterize the influence of the noise on the
dynamical evolution, the central task is to compute the
fidelity F (t) = |〈φ+(t)|ρ(t)|φ+(t)〉|, in which |φ+(t)〉 is
given explicitly in Eq. (10). It is recognized that F (t)
describes the overlap between the actual time-evolving
state and the target dynamical basis |φ+(t)〉. Starting
from an initial state |+〉, we solve numerically the set of
equations (18) for both the dephasing process and the
random spin flip process with γx,y,z = γ. For the de-
phasing process, it happens that reduction of the fidelity
mainly occurs in the vicinity of the point t = 0. We
have chosen the time duration ντc = 10π and the influ-
ence of the cutoff error is negligible. The result shows
that the driving protocol is insensitive to the dephasing
and a fidelity higher than 0.99 is obtained even the ra-
tio γ/ν & 10−2. On the other hand, the spin flip noise
with the homogeneous damping rate will exert detrimen-
tal effects on the desired state transfer continuously over
the whole time evolution. In our calculation we choose
ντc = 8. Besides the noise effect, the dramatic trunca-
tion of the scanning process here has slight influence on
the population transfer. The yielded results about the
time evolving of the fidelity F (t) are illustrated in Fig.
4, in which different values of the ratio γ/ν are assumed.
V. CONCLUSION
We have investigated the exact dynamics of a modu-
lated LZ model and exploited it as a design for nonadi-
abatic quantum control. Differing from the original LZ
model, we have shown that this modulated model pos-
sesses an analytical dynamical invariant over the whole
time domain and the generated dynamics is fully solvable
analytically. While serving as a protocol for population
transfer, the model is shown to possess the following dis-
tinct advantages: 1) nonadiabatic dynamics generated by
the model itself can realize complete population trans-
fer; 2) the protocol uses only finite driving fields which
avoids the nonrealistic ingredient assuming infinite driv-
ing in the original LZ and also other analogous protocols.
Furthermore, the scheme is applicable to the multi-level
systems which offers an unambiguous scenario to mani-
fest the multi-channel transitions induced by the nonadi-
abatic effects in the state transfer process.
As the noise due to the dissipative environment will
lead to detrimental effects on the desired control process,
we have also investigated the loss of the fidelity for the
protocol when the system is subjected to the dissipation.
The numerical calculations reveal that the protocol is
not sensitive to the pure phase damping noise. On the
other hand, to obtain high-fidelity population transfer in
the presence of the spin flip noise with a homogeneous
damping rate γ, our calculation shows that a require-
ment of the scanning rate of the protocol, ν/γ & 103,
6should be satisfied in general. Suppose that the coher-
ence time γ−1 is of an order ∼ 102 µs (which is achievable
for the electron spin of the nitrogen-vacancy center in di-
amond [12]), then approximative evaluation yields that
the sweep frequency should be ν & 10 MHz and the time
duration of the pulse τc ∼ π µs. By taking κ = 0.6 (cf.
Fig. 1) one gets η ∼ 12.5 MHz. Potential experimen-
tal implementation of the protocol in physical systems is
highly expected.
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